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Question 1 [16 marks] 
(a) Consider a function f(n) over the domain of natural numbers. Give the 
definition for f(n) to be monotone decreasing, and show that the particular function 


f(n) = log,(6~") satisfies this definition over the given domain. [4 marks] 
(b) (i) Using either inequalities or interval notation, describe the subsets of the 
real number line corresponding to the domain of the function 


1 
ge? —1 


fe) 


(ii) Explain why the range of this function corresponds to all real numbers 
except those belonging to the interval (—1, 0]. 


(iii) Is this function one-to-one? Give a reason for your answer. [6 marks] 


(c) Use properties of limits to evaluate 


ne +3n-1 
ao (= Gee) : 


assuming that the function y = sin(7z) is continuous at every point in its domain. 
[6 marks] 
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Question 2 [16 marks} 


(a) The temperature T' of a liquid solution as it undergoes a chemical reaction 


is measured as a function of time according to the formula 
T(t)=7.5+2e™ . 


If temperature is measured in degrees Celsius, and time is measured in minutes, 
what is the instantaneous rate of change of temperature at time t = 2 minutes? Is 


the solution becoming warmer or cooler at this point in time? 


[6 marks] 
(b) Use techniques of differentiation to compute x for each of the following 
functions : 
Be ee = 
(a) fe) = ae eg x 
[3 marks] 
(i) fe) =a 
; as 
: 7) 72 —3e41 
[4 marks] 
(iii) f(x) = Vsin(z) 
[3 marks] 
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Question 3 [20 marks} 


(a) Ohm’s law for electrical circuits, expressed by the equation 
V=IR, 


describes the electrical potential, or voltage V, in terms of the passage of an electric 
current J across a simple resistance R. Suppose the voltage is held constant, while 
the resistance (measured in ohms) is steadily increased at a rate of 10 ohms per 
minute. At what rate must the current (measured in amps) be decreasing, at the 
moment when the resistance is twice as large as the current? 

[8 marks] 


(b) Recall the liquid solution undergoing a chemical reaction in question 2(a). 


The temperature T is given as a function of time by the formula 
PU) Snes e « 


If temperature is measured again in degrees Celsius, and time in minutes, what is 
the maximum temperature achieved by the solution during the reaction, and after 
how many minutes does it occur? If the reaction were allowed to run on indefinitely, 
so that time t could become arbitrarily large, the temperature of the solution would 
gradually approach a limiting value, called the asymptotic temperature T,,. From 
the formula above, can you determine the value of T,,? 

[12 marks] 
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Question 4 [24 marks] 


(a) Let f(x) be a continuous function and define 


F(x) = [10 dt . 


Use the Fundamental Theorem of Calculus to evaluate F’(5) (in its simplest form) 


when f(x) = sin(72). [3 marks] 


(b) Compute the following definite and indefinite integrals: 


(2) [ (®-3+3) dx 


[4 marks] 
(iz) / sy dx 
[4 marks] 
(itz) ie cos(at) dt 
[4 marks] 


(c) Find the area of the plane region bounded by the graph of the function 
y = x*(x — 1), and the z-axis (i-e., y = 0). [5 marks] 


(d) Find the volume of the solid of revolution obtained by rotating the graph 


of y = e? around the z-axis, 1 <x < 2. [4 marks] 
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Question 5 [24 marks] 


(a) Write the system of equations 
z—2y+3z=1 


—22¢ + 4y —3z=0 
Ag — 8y + 12z =4 
as an augmented matrix, and use row-operations to determine the space of solutions 
in parametric form. [10 marks] 
(b) Compute the cross-product v x w for the vectors v = (1,—2,3) and w = 
(—2,4,—-3) in R®. [4 marks] 


(c) Explain why the vectors v and w in part (b) together span a plane in 
three-dimensional space. What is the equation of this plane? 
[6 marks] 


(d) Compute the determinant of the matrix 


/ Ys 
A=]|-2 4 -8 
4 -8 12 


Without trying to solve it explicitly, explain why the matrix equation 
Ax=b, 


if it has any solution, cannot have a unique solution, for a given choice of the vector 
b in R?. 
[4 marks] 
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